ABSTRACT The depth distribution of a linear code was put forward by Etzion as a new characterization for linear codes. The previously known results pay close attention to the depth distribution of the linear codes over chain rings. In this paper, we completely determine the depth spectrum and depth distribution of constacyclic codes over a non-chain ring F p + vF p . For this purpose, we first investigate the depth spectrum of constacyclic codes over the finite field F p . The corresponding result can be regarded as a generalization of [6, Th. 3], in the sense that we do not assume (n, p) = 1.
I. INTRODUCTION
Let R be a finite communicative ring with identity, and R n = {(r 1 , r 2 , · · · , r n )|r i ∈ R, ∀1 ≤ i ≤ n}.
The derivative operation D over R n is defined to be D(x 1 , x 2 , · · · , x n ) = (x 2 − x 1 , x 3 − x 2 , · · · , x n − x n−1 ). Let x ∈ R n and [ϑ m ] be the all-ϑ vector of length m, where ϑ ∈ R. If there is a positive integer j and a nonzero element θ ∈ R such that D j−1 (x) = [θ n−j+1 ], then the integer j is referred to as the depth of x, which is denoted by depth (x) .
A linear code of length n over R is an R-submodule of R n . For a linear code C over R, denote D i (C) by the number of codewords of depth i. The numbers D 0 (C), D 1 (C), · · · , D n (C) are referred to as the depth distribution of C. Obviously D 0 (C) = 1. Further, the depth spectrum of C, Depth(C), is defined as Depth(C) = {i|1 ≤ i ≤ n, D i (C) = 0}. Let
|Depth(C)| be the number of elements of Depth(C).
The depth distribution of linear codes over finite fields was first introduced and developed by Etzion [2] . Etzion [2] obtained the cardinality of the depth distribution of linear codes over finite fields. Soon afterwards, Mitchell [8] gave the depth spectrum and depth distribution for the cyclic codes over finite fields. Luo et al. [7] further studied the depth distribution of linear codes over finite field, and gave some enumeration formulas concerning the depth distribution of linear subcodes of a linear code. Deng [3] studied the properties of the binary linear codes C such that Depth(C) ∩ Depth(C ⊥ ) = ∅ and determined their depth spectrums.
With the development of the theory of error correcting codes, linear codes over finite rings are more and more important and have received much attention. That's precisely because of the significant discovery made in [4] , which showed that certain good nonlinear binary codes are the images of Gray map of linear codes over Z 4 . So it is particularly appealing and great challenge to determine the depth spectrum and depth distribution of linear codes over finite ring. Recently, the studies on the depth spectrum and depth distribution of linear codes over finite ring have many related works. Most of the these seminal studies are devoted to determining the depth spectrum and depth distribution of linear codes over finite chain rings. For example, Zhu et al. [12] gave the depth spectrum of linear cyclic codes over Z 4 with odd length. Kong et al. [6] determined the depth spectrum of simple-root constacyclic codes over finite chain rings in terms of the generator polynomials of constacyclic codes over those rings. Yao et al [11] obtained the depth spectrums and depth distribution of linear codes over F 2 +uF 2 +u 2 F 2 with u 3 = 1. Kai et al. [5] gave the depth spectrum of the negacyclic codes over Z 4 with even lengths based on their residue and torsion codes. But Wood [10] showed that finite Frobenius rings are suitable for coding alphabets, which leads to many works on non-chain rings. In this paper we characterize the depth spectrum and depth distribution of constacyclic codes over
which is a non-chain ring. The rest of this paper is arranged in the following manner. Preliminary results are provided in Section II. In Section III we study the depth spectrum of constacyclic code over finite field F p . In Section IV we characterize the depth spectrum of linear codes over F p + vF p . Based on these results we give the depth spectrum and depth distribution for all constacyclic codes over these rings in Section V. We conclude this paper with remarks in Section VI.
II. PRELIMINARIES
Hereinafter, let F p be a finite field with p elements, where p is an odd prime, and let R be the finite ring
First, we review the definition and some results on constacyclic codes over finite fields F p . Let λ be a unit of F p . A linear code C of length n over
e.,C is invariant under the shift operator. In particular, 1-constacyclic codes are called cyclic codes. It is known that each λ-constacyclic code of length n over F p is regarded as an ideal of
is a unique minor factor polynomial of x n − λ. The polynomial g(x) is referred to as the generator polynomial of the λ-constacyclic code C over F p . See [1] and references therein for information on the constacyclic codes over finite fields.
Next, we provide the basic fact about the linear codes over R and their dual codes. It turns out that R is a finite Frobenius ring rather than a chain ring. Let C be a linear code of length n over R. The set C ⊥ = {x ∈ R n | x · c = 0, for any c ∈ C} is called the dual code of C, where x · c denotes the natural inner product of x and c defined on R n . Note that C ⊥ is a linear code satisfying the relation |C||C ⊥ | = |R| n (See [10] ). 
Then both C v and C 1−v are linear over F p , and
By virtue of the Gray map Zhu et al. [13] obtained that any linear code of length n over F 2 + vF 2 has the unique direct decomposition(See [13, Th. 3 
.1 and Corollary 3.3]).
The result can be extended naturally from the case p = 2 to the arbitrary case. Here for the completeness we give an alternative proof which is more simple and direct.
Let A, B be the linear codes of length n over R. We denote that A ⊕ B = {a + b|a ∈ A, b ∈ B}.
Theorem 1: With the above notation, let C be a linear code of length n over R. Then C can be uniquely expressed as
Proof: Let x ∈ C v and y ∈ C 1−v . Then there exist a + vb ∈ C(a, b ∈ F n p ) and z ∈ F n p such that x = a + b and y + vz ∈ C. From the facts that a + vb ∈ C and y + vz ∈ C we have that vx
On the other hand, it is easy to check that every element of vC v ⊕(1−v)C 1−v can be uniquely expressed as the form vβ
III. DEPTH SPECTRUM OF CONSTACYCLIC CODES OVER F P
First of all, we consider the spectrum of constacyclic codes over F p in order to characterize the spectrum of constacyclic codes over R. Let m be a positive integer. In a vector, a subvector containing m consecutive zeros is defined to be a 0-run of length m. Here the key observation is that the depth of a nonzero codeword is connected with the lengths of 0-runs in all nonzero codewords. We can now establish:
Lemma 2: Let α be a nonzero element of F p satisfying α = 1, and let C be an α-constacyclic code of length n over F p . Suppose that the maximum length of a 0-run in all nonzero codewords of C is N . Then the depth of all the nonzero codewords in C is at least n − N .
Proof: Let c be a nonzero codeword in C and
From α = 1 and c = 0, we know that c − π (c) = 0. Hence Dc is equal to n−1 bits of a nonzero codeword in C. It follows by induction that D l c is equal to n − l consecutive bits of a nonzero codeword in C. 
Theorem 4 Let α be a nonzero element of F p satisfying α = 1. Suppose that C is an (n, k) α-constacyclic code over F p . Then the depth spectrum of C is {n, n−1, · · · , n−k +1}.
Proof: Let π be the α-constacyclic shift operation for C. Suppose that there exists a nonzero codeword c 0 in C containing a 0-run of length k. Since C is a constacyclic code, we can suppose that this 0-run of length k is equal to the last k consecutive bits of the codeword π m (c 0 ) in C, for some positive integer m. This follows that the degree of the polynomial corresponding to the codeword π m (c 0 ) in C is at most n − k − 1. Because the generator polynomial of C has the degree n − k, we get a contradiction, and hence the maximum length of a 0-run in all nonzero codewords of C is k − 1. By Lemma 2, all the nonzero codewords in C have depth at least n − k + 1. By Lemma 3, the result follows from the fact that there are exactly k distinct depths for all nonzero codewords of C.
IV. DEPTH SPECTRUM OF LINEAR CODES OVER
Assume that the depth spectrums of C 1−v and C v are {l 1 , l 2 , · · · , l s } and {m 1 , m 2 , · · · , m t }, respectively, where l 1 < l 2 < · · · < l s and m 1 < m 2 < · · · < m t . In the following we are ready to characterize the depth spectrum of linear codes over R.
Theorem 5: With the above notation, let C be a linear code of length n over R with generator matrix G. Then
and max{k 1 
Proof: Note that C can be uniquely expressed as C = 
It is obvious that max{k 1 
In the following lemma we denote the transpose of the matrix A by A T .
Lemma 6: Let C be a linear code of length n over R with generator matrix G. Then
is a generator matrix for C ⊥ , where
Proof: Let D be a linear code over R generated by the matrix H . Since HG T = 0, we get that D ⊆ C ⊥ . Note that R is a Frobenius ring, so |C||C ⊥ | = |R| n . Hence
On the other hand, since H is the generator matrix of D, Proof: Suppose that C is λ-constacyclic. Let
It follows that (λc n−1 , c 0 , · · · , c n−2 ) ∈ C from the fact that C is λ-constacyclic. This yields that v((χ + ω)a n−1 , a 0 , · · · , a n−2 )
The next result is easily derived from Lemma 8. Corollary 9: Let C = vC v ⊕ (1 − v)C 1−v be a linear code of length n over R. Then C is a cyclic code of length n over R if and only if C v and C 1−v are both cyclic codes of length n over F p .
Throughout the remainder of this section, let C = vC v ⊕ (1 − v)C 1−v be a λ-constacyclic code of length n over R, and the generator polynomials of C v and C 1−v are g 1 (x) and g 2 (x), respectively. Moreover, deg(g 1 (x)) = n−κ 1 and deg(g 2 
|b(x) and a(x) r+1 b(x). Theorem 10: Let λ = χ + vω be a unit of R with χ = 1 and χ + ω = 1. Then
Proof: It follows from Theorem 4, Theorem 5 and Lemma 8.
Theorem 11: With the notation as in Theorem 10. Write
Lemma 12 ( [8, Th. 23] ): Suppose that C is an (n, k) cyclic code over F p which has the generator polynomial g(x). Let deg(g(x)) = n − k and (x − 1) ν (x n − 1)/g(x). Then With the notation as in Theorem 13. Denote
Theorem 14: With the notation as in Theorem 13. Suppose that λ 1 ≥ λ 2 . If κ 1 − λ 1 ≥ κ 2 − λ 2 , then the depth distribution of C is given by
If κ 1 − λ 1 ≤ κ 2 − λ 2 , then the depth distribution of C is given by
Case 2:
Case 3:
With κ 1 − λ 1 < κ 2 − λ 2 , we have four cases: VOLUME 6, 2018
Case 4:
Theorem 15: Let λ = χ + vω be a unit of R with χ = 1 and χ + ω = 1. Then the depth spectrum of C is
Proof: It follows from Theorem 4, Theorem 5 and Lemma 12.
With the notation as in Theorem 15. Denote
Theorem 16: With the notation as in Theorem 15. If κ 1 ≥ κ 2 − λ 2 , then the depth distribution of C is given by Remark 17: The situation where C is a λ-constacyclic code with χ = 1 and χ + ω = 1 can be handled in a manner similar to the case where χ = 1 and χ + ω = 1 in Theorem 15 and 16. In this regard, if we replace λ 2 with λ 1 and interchange κ 1 and κ 2 , then we can obtain the desired results.
VI. CONCLUSION
In this paper, we completely obtain the depth distribution of constacyclic codes over F p + vF p , which is a non-chain ring. Now we leave the reader with the possible direction for further work. It is nature and would be interesting to study the depth spectra of constacyclic codes over the other finite commutative non-chain ring, such as Z 4 +vZ 4 , where v 2 = v.
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